In many observational cohort studies, a pair of correlated event times are usually observed for each individual. This paper develops a new approach for the semiparametric linear transformation model to handle the bivariate survival data under both truncation and censoring. By incorporating truncation, the potential referral bias in practice is taken into account. A class of generalised estimating equations are proposed to obtain unbiased estimates of the regression parameters. Large sample properties of the proposed estimator are provided.
Introduction
Bivariate survival data which contains pairs of correlated event times are often observed in many observational cohort studies. Incomplete information of the paired event times due to censoring and truncation leads to the challenge of analysing such bivariate survival data. Consider the following examples.
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Example 1.1. In a hepatitis C cohort study (Fu et al., 2007 ) the epidemiological interest is to study progression to liver cirrhosis in patients with chronic hepatitis C. The paired event times (R, T ) observed for each patient are the time from infection with hepatitis C virus (HCV) to recruitment to liver clinics and the time from HCV infection to development of cirrhosis, respectively. The 10 cirrhosis time T is subject to right censoring by a random variable C, i.e. the last-follow up time. As only the data before the end of year 1999 are accessible, there is a random time L, from the time point of HCV infection to the end of year 1999, such that only patients who were referred to liver clinics before that (R ≤ L) can be included in the study cohort, i.e. R is right-truncated by
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L. This is an example of bivariate survival data where one component is right truncated and the other one is right censored. Table 1 summarises the two pairs of event times. In survival analysis, two widely used models to study the effect of covariates on the event time of interest are the proportional hazards (PH) model (Cox, 1972) and the accelerated failure time (AFT) model (Cox & Oakes, 1984) . The AFT model has been well studied when the event time is subject to only right censoring. Its nonparametric version, log T = W β + ε with ε following an unknown distribution with mean 0, has also been studied in Wang et al. (2013) to handle bivariate survival data under both truncation and censoring. The PH model is even more widely used than the AFT model when assessing the effect of covariates. It can be generalised to the following semiparametric linear transformation model h(T ) = −W β + ε, (1.1) the bivariate survival function of the truncation variable L and the censoring variable C needs to be estimated.
For bivariate survival function, Gürler (1996 Gürler ( , 1997 proposed a nonpara-
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metric estimator when only a single component of the paired event times is subject to truncation. The case for doubly truncated data was discussed in van der Laan (1996) and Huang et al. (2001) . Gijbels & Gürler (1998) considered the case where a single component of the paired event times is subject to both censoring and truncation but the other one can be fully observed. When 50 both event times are under truncation and censoring, Shen (2006) proposed an inverse-probability-weighted (IPW) approach to estimate the bivariate survival function. Using similar idea, Shen & Yan (2008) generalised the approaches in Campbell & Földes (1982) and Dabrowska (1988 Dabrowska ( , 1989 to estimate the bivariate survival function for left-truncated and right-censored data. However, their 55 iteration algorithm is computationally heavy and relies on an assumption which may not be reasonable in practice. Dai & Fu (2012) proposed an nonparametric estimator for the bivariate survival function when both even times are subject to random truncation and censoring. Their method is based on a polar coordinate transformation which can transform the bivariate survival function to a uni-
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variate form without losing data information. The univariate survival function can be easily estimated by the product-limit estimator and can be transformed back to the bivariate form. Recently, their method was further extended to a class of bivariate survival function estimators based on different forms of data transformation .
This paper is organised as follows. Section 2 describes the statistical models and introduces the estimating procedures. The large sample properties of 75 the proposed estimator are established in Section 3. Simulation studies and analyses of real-world datasets are presented in Section 4 and 5 respectively to demonstrate the performance of the proposed estimator. Section 6 provides a brief discussion.
2. Statistical models and estimating procedure 80
Preliminaries
Denote (R, T ) as the pair of event times, and W as the vector of covariates.
For simplicity, here we focus on the case with right truncation and right censoring, i.e. R is right-truncated by L, and T is right-censored by C. For the case with left truncation we can simply replace R and L by −R and −L in practice,
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and our methodology still applies. In the presence of right truncation, since only individuals such that R ≤ L can be observed (opposite if under left truncation), we denote the observed data for the ith subject as
Throughout this paper, we assume that (L, C) are independent of the co-
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variates vector W and are independent of the paired event times (R, T ), similar to Wang et al. (2013) . These assumptions are reasonable since in most retrospective studies the truncation time L (time to the end of recruitment) is determined independently before data collection, and also the censoring time C (last follow-up time) is usually a certain period of time after recruitment.
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Therefore (L, C) are not related to the individuals' information W and (R, T ).
Let G(t 1 , t 2 ) = P(L > t 1 , C > t 2 ) be the continuous bivariate survival function for (L, C) andF (t 1 , t 2 ) = P(R ≤ t 1 , T ≤ t 2 ) be the continuous joint distribution function for (R, T ) with continuous support. We also assume the following conditions hold throughout this paper.
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Condition 2.1. The lower boundaries of support forF are coordinate axes of the first quadrant. values that T can take are smaller than those of C, respectively. This means that, in the business failure data, for a very short period of follow-up (very small C), it is always possible to have a firm which is bankrupt soon after submitting 120 its first financial statement (i.e. observe even smaller T ≤ C). In addition, for a firm with large value of T , it is possible to follow it long enough to observe its bankruptcy. In summary, Condition 2.2 guarantees thatF and G can be identified in their common support region.
Estimating equation for β

125
Denote β * as the true value of β. When the indicators I[T i ≥ T j ], i, j = 1, . . . , n, i = j can be fully observed (i.e. no truncation or censoring), we have
where W ij = W i − W j , i, j = 1, . . . , n, i = j, and
However in practice, the indicators I[T i ≥ T j ], i, j = 1, . . . , n, i = j may not be fully observed due to truncation and censoring. Let γ = P(R ≤ L) be the truncation probability. Then we have that
If the bivariate survival function G is known, an unbiased estimating equation for β is given by
If G is unknown, it can be replaced by a consistent estimatorĜ. Hence the estimating equation for β is
where
Solving the estimating equation (2.1) gives an unbiased estimatorβ.
Estimating equation for h(t)
Using a similar idea as above, we provide an unbiased estimating equation for h(t) in this section. Denote h * (t) as the true value of h(t). Without censoring and truncation, considering the indicators
where g −1 (·) = 1 − F ε (·) and F ε is the specified distribution function of ε in the model (1.1).
In the presence of truncation and censoring, the indicators I[T i ≥ t], i = 1, · · · , n are not always observable. We can only observe I[X i ≥ t], i = 1, · · · , n in practice. Therefore we have that
Hence a reasonable and unbiased estimating equation for h(t) is given by
whereĜ is a consistent estimator of G andβ is the root of (2.1).
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Estimation of G
The challenge of solving the estimating equations for β and h(t) is getting a consistent estimate for the bivariate survival function G. Here in this paper, we use the idea in Dai & Fu (2012) and consider the polar coordinate transformation from (t 1 , t 2 ) to (z; α) where α = t 2 /t 1 , z = t 2 1 + t 2 2 . For fixed α, G(t 1 , t 2 ) can be transformed to a univariate function, G(z; α), by the following formula
In practice, due to truncation and censoring, the values of (L, C) may not be observed so that Z(α) may not be available. Denote the observed data
We have the transformed observed datã
Such a transformation introduces artificial censoring and truncation. Specifi-
implies censoring, and truncation information is given by V i (α). Then based
. . , n, we can estimate the univariate function G(z; α) using the following lemma.
Lemma 2.1. For fixed α, the hazard function of Z(α) is denoted by Λ(dz; α) = −G(dz; α)/G(z−; α). Then we have that
Note that H (n) (t 1 , t 2 ) = H (n) (z; α) and H i (t 1 , t 2 ) = H i (z; α). Hence Lemma 2.1 implies that an estimator for Λ(dz; α) isΛ(dz; α) = N (dz; α)/H (n) (z−; α).
Then the product-limit estimator for G(z; α) iŝ
3. Large sample properties ofβ 
Consistency ofβ
Denote Φ as the distribution function of the covariates vector W . We can show that with probability one, U (β; G)(β * − β) converges to w1,w2
where w 12 = w 1 − w 2 and β * is the true value of β. Since θ(·) is a decreasing function, the above limit is non-negative and is zero only if β = β * . Following the idea in Cheng et al. (1995) , together with U (β; G) = 0 at β =β, we have thatβ → β * in probability when n → ∞. This implies thatβ is a consistent 145 estimator.
Asymptotic normality ofβ
The following theorem provides the results of asymptotic normality ofβ. A heuristic proof of the theorem can be found in the Appendix.
Proof 3.1. See Appendix A.
Replacing β, G and M k by their estimates, then Σ β and U β given in (3.1) and (3.2) can be estimated bŷ
where the notation 'tr' denotes the transpose of a matrix, and '⊗2' denotes the product of a matrix and its transpose. 
where ν 1 , ν 2 ∼ Exp(5). Our scenario guarantees that the generated data satisfies the Conditions 2.1 and 2.2 mentioned in Section 2.
The values of a 1 , a 2 , b 1 and b 2 in Equation (4.1) are adjusted to achieve 160 different truncation probabilities and censoring percentages. In this study the censoring percentage for T is considered to be around 10%, 30% and 50%, respectively. The truncation probability γ = P(R ≤ L) is considered to be around 0.9, 0.7, 0.5, 0.3 and 0.1, respectively. Note that only observations with R ≤ L can be observed. We consider different observed sample size, n = 200 165 and n = 500. Number of simulations is taken to be 200 and 2000. The results are presented in Table 2 
Comparison with PH model
185
In this subsection, we compare our proposed method with the conventional PH model via 500 simulations. The data are generated using the same strategy as that in section 4.1, while the referral bias due to truncation is not considered in the PH model. The results are presented in Table 4 and 5.
Under 10% and 30% censoring, our method gives less biased estimates for 190 all different truncation probabilities. However, in the presence of higher censoring percentage (50%), our proposal is not expected to be as efficient as the Cox procedure. This is due to the inverse probability weighted estimator of the bivariate survival function G used in our method does struggle for heavier censoring, as pointed out in Dai & Bao (2009); Dai & Fu (2012) . Therefore the 195 insignificance of improvement when using our method to analyse severely biased survival data (with censoring percentage around 50% or greater) is reasonable. Table 4 : Simulation results for 500 simulations. γ: truncation probability;ŝβ: empirical standard errors forβ based on 500 simulations;σβ: means of standard deviation estimates obtained from a perturbation method (Wang & Zhu, 2006) . Table 5 : Simulation results from PH model for 500 simulations (univariate censoring only).
γ: truncation probability;ŝβ: empirical standard errors forβ based on 500 simulations.
Cens.% = 10% Cens.% = 30% Cens.% = 50% β * β (bias)ŝββ ( 
Estimation of h(t)
In practice, the function h(·) in the semiparametric linear transformation model (1.1) is unknown. Therefore, unlike the AFT model studied in Wang
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et al. (2013), the model (1.1) discussed in this paper cannot be directly used to predict the event time of interest at individual level. Although the estimation of h is of lower interest, it can still be estimated using the estimating equation (2.3). For i = 1, . . . , n, the estimated h(t), evaluated at t = X i , should be able to recover the rank of T i , since h is a strictly increasing function. Here we 205 introduce a simple method to assess the performance of the estimates for h(t).
Given F ε (t) = 1 − exp{− exp(t)}, for an observed sample size n = 500 and 500 simulations, we have thatβ = (−0.181, −1.064, −1.336) tr under around 0.7 truncation probability and 30% censoring percentage (Table 4 ). Then h(T i )
can be estimated by substitutingβ into the estimating equation (2.3). Since 
Data analyses
In this section we apply our proposed method on the two real-world datasets in Example 1.1 and 1.2 to illustrate its practicability in different research areas.
Hepatitis C data from Edinburgh Royal Infirmary Hospital
The dataset consists of 387 patients with chronic hepatitis C who had been 220 recruited to the liver clinic in Edinburgh Royal Infirmary hospital by the end of year 1999. Patients were included to the study cohort with a referral bias (Dore et al., 2002) . This is because the disease progression of chronic hepatitis C is often asymptomatic after initial infection. Most people with HCV infection do not seek medical advice until severe symptoms exhibit. Therefore, the patients 225 with more rapid disease progression are preferentially referred to liver clinics or that referral is increasingly likely the closer a patient is to developing cirrhosis (Fu et al., 2007) . To take such referral bias into account, we incorporate right truncation of the referral time R, that is, only the patients with R ≤ L can be recruited to the study cohort. Given F ε (t) = 1 − exp{− exp(t)}, the linear transformation model (1.1)
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gives the standard Cox model. Under this model we analyse the hepatitis C data using: 1) our proposed method (for bivariate data with both truncation and censoring); 2) the method proposed by Cheng et al. (1995) (for univariate data with only right censoring). Table 6 presents the estimates of regression parameters.
245 Table 6 : Estimation results for hepatitis C data (standard errors in parenthesis). 
1) Truncation
Business failure data
255
The dataset described in Example 1.2 consists of 420 small and medium size Italian firms having available information in Amadeus Database provided by Bureau van Dijk. As illustrated in Figure 1 , we observe a paired event times (R, T ) for each firm, where R is subject to left truncation by L and T is subject to right censoring by C. The potential referral bias exists due to the fact that 260 newly established firms are more likely to be included in the study cohort. In the mean time they are more likely to be bankrupt (e.g. during a financial crisis) than those have been established for longer period of time.
Denote C as the time period from establishment to the last follow-up. Then in theory, the time R may also be right censored by C , if the lost of follow-265 up happens in the very short time window between database entry and first financial statement available. However, we ignored this censoring here because it did not happen in our data. In the whole database, the right censoring of R is very rare.
We analyse this data to see how the progression to bankruptcy is affected by (around 19%) were still active after the last follow-up. Table 7 summarizes the estimates obtained from: 1) our proposed method; 2) the standard Cox model under right censoring only (Cheng et al., 1995) . With truncation being considered, the results from our method show that lower values of return on assets, smaller firm size and non-limited liability form are associated with more rapid progression to bankruptcy. However, ignorance of truncation leads to a nonsensical result that higher return on assets gives higher risk of bankruptcy (Altman et al., 1977; Laitinen & Suvas, 2013) . 
Estimation of truncation probability
In practice, we can also estimate the truncation probability of a real-world data via the method in Shen (2006) or the one in Dai & Fu (2012) . Specifically, if both of the bivariate event times are subject to left truncation by L 1 and L 2 , the truncation probability γ can be estimated bŷ
where S(t 1 , t 2 ) = P(R > t 1 , T > t 2 ) is the bivariate survival function of (R, T ), and S(t 1 −, t 2 −) is its left-continuous version. The bivariate survival function S(t 1 , t 2 ) can be estimated by the methods in Dai & Fu (2012) ; .
In the case that only R is right-truncated by L, we let R = const − R which 290 is left-truncated at (const − L), where 'const' is a constant term such that const − R ≥ 0 and const − L may be negative. Then our method can be applied. Here the estimated truncation probability for the hepatitis C data and the business failure data is 0.08 and 0.21, respectively.
Conclusions
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In this paper, we developed a new approach for a class of semiparametric linear transformation models h(T ) = −W β + ε to handle bivariate survival data under both censoring and truncation. The well-known Cox proportional hazards model can be seen as one special case of the linear transformation model, given the error term ε following a standard extreme value distribution.
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A new class of estimating equations for the parameter β were proposed to allow a flexible bivariate distribution structure between the two correlated event times R and T . By incorporating truncation, the potential referral bias in practice could be taken into account when estimating the regression parameters in the semiparametric linear transformation models. Simulation studies under 305 different scenarios indicated that our method could effectively reduce the bias due to truncation and provide more precise estimates under moderate censoring percentages (around 30% or less). However in the presence of heavier censoring (around 50% or greater), our method might not perform as well as the Cox procedure. Analyses of two real-world dataset demonstrated the importance In summary, our proposed method is an important candidate of handling bivariate survival data with truncation and can be applied on many research areas. For future work, we may extend the method proposed in this paper to 315 handle time-varying coefficients.
Appendix A. Proof of Theorem 3.1
First we show the asymptotic normality of n 1/2 U (β * ;Ĝ). For simplicity, 
where e ij (β * ; G) + ς ijk (β * , G, M k ) .
Then the theorem follows from the first-order Taylor expansion for a vector field U (β * ;Ĝ) ≈ U (β;Ĝ) + U (β;Ĝ)(β * −β).
